Periodic points of solvable group actions on 1-arcwise connected continua  by Shi, Enhui & Zhou, Lizhen
Topology and its Applications 157 (2010) 1163–1167Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Periodic points of solvable group actions on 1-arcwise connected continua
Enhui Shi ∗,1, Lizhen Zhou
Department of Mathematics, Suzhou University, Suzhou 215006, China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 23 August 2009
Received in revised form 7 February 2010
Accepted 7 February 2010
MSC:
primary 54F50
secondary 54H25
Keywords:
Fixed point
Periodic point
1-arcwise connected continuum
Uniquely arcwise connected continuum
Solvable group action
It is shown that every continuous action of a solvable group on a 1-arcwise connected
continuum must have a ﬁxed point or have a 2-periodic point.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let X be a topological space, Homeo(X) the homeomorphism group of X and G a topological group with discrete
topology. A group homomorphism φ : G → Homeo(X) is called a continuous action (or an action, for short) of G on X . For
x ∈ X , the set Gx ≡ {φ(g)(x): g ∈ G} is called the orbit of x under the action of G . We call x ∈ X an n-periodic point of φ if
the orbit Gx of x consists of n points and such n is called the period of x. A 1-periodic point x is also called a ﬁxed point, that
is, φ(g)(x) = x, for all g ∈ G . These notions naturally generalized the classical notions of ﬁxed points and periodic points for
one homeomorphism. For a subset Y of X , deﬁne GY =⋃y∈Y Gy. We call Y is G-invariant if GY = Y .
The following question is widely interested.
Question 1.1. Under which conditions on G and X, is the set of ﬁxed points or periodic points of G nonempty regardless of φ , and what
can we say about the periods of periodic points of φ?
By a continuum, we mean a nonempty, connected, compact and metrizable topological space. A continuum is said to be
1-arcwise connected (or uniquely arcwise connected) if for any two different points x, y of it, there is a unique arc in it with
endpoints x and y. This is equivalent to saying that the continuum is arcwise connected and contains no simple closed
curve.
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connected, 1-arcwise connected continuum. In 1975, Mohler answered a question raised by Bing in [1], by proving in [7]
that if G is the discrete cyclic group Z, and X is a 1-arcwise connected continuum then G has a ﬁxed point in X . Sun
and the author proved in [9] that if X is a 1-arcwise connected continuum, and G is nilpotent then the ﬁxed point set is
nonempty, which generalized the above results of Isbell and Mohler. For further studies of ﬁxed point theory of 1-arcwise
connected spaces, one may consult [2,5,6,11].
The purpose of this paper is to continue the study in [9] and to prove the following theorem.
Theorem 1.2. Suppose X is a 1-arcwise connected continuum and G is a solvable group. If φ : G → Homeo(X) is a continuous action,
then φ has either a ﬁxed point or a 2-periodic point.
Remark 1.3. When X is an arc, and G is the solvable group (Z/2Z)  Z, Sun and the ﬁrst author constructed a simple
example of G-action on X with no ﬁxed point (see [9, Remark 2.5]). Clearly the two end points of the arc are 2-periodic
points here.
For simplicity, we often write gx = g(x) = φ(g, x) for g ∈ G and x ∈ X in the following.
2. The proof of the main theorem
Suppose that G is a group with identity e. Let a,b ∈ G . The commutator [a,b] is deﬁned by [a,b] = a−1b−1ab. For any
two subsets A and B of G , deﬁne [A, B] to be the subgroup generated by the set {[a,b]: a ∈ A, b ∈ B}. Let G0 = G and
Gi+1 = [Gi,G], for i = 0,1,2, . . . . Thus we get a sequence of normal subgroups of G : G0 = GG1G2 · · · . If there is some
natural number n such that Gn = {e}, then G is called nilpotent. Also we can deﬁne another sequence of normal subgroups
G0 = G  G1  G2  · · · by letting G0 = G and Gi+1 = [Gi,Gi] for i = 0,1,2, . . . . If there is some n such that Gn = {e} then
G is called solvable. For examples and some classical results of nilpotent and solvable groups one may consult [3].
When X is a 1-arcwise connected continuum and x, y ∈ X , we use the symbol [x, y] to denote the unique arc in X from
x to y (if x = y, then [x, y] is deﬁned to be the point set {x}). Write [x, y) = [x, y] \ {y} and (x, y) = [x, y] \ {x, y}.
We should note that, though the symbol [ , ] has two different meanings as above, it is easy to distinguish them in the
context.
Let φ : G → Homeo(X) be an action of group G on compact metric space X . Denote by Pn(G, X) all n-periodic points of
G and by Pn(G, X) all periodic points with periods less than or equal to n. Then P1(G, X) is just the set of ﬁxed points
of G . Let 2X be the hyperspace of X (i.e. the collection of all nonempty closed subsets of X ). It is well known that 2X is
compact under the Hausdorff topology (see e.g. [8, Theorem 4.13]). Deﬁne
In(G, X) = {A ⊆ X: A is G-invariant and consists of n points}.
Write In(G, X) =⋃ni=1 Ii(G, X). The following lemma is clear.
Lemma 2.1. For each natural number n, Pn(G, X) is compact in X and In(G, X) is compact in 2X .
Lemma 2.2. Let G be a group acting on a compact metric space X and H a normal subgroup of G. Then for any f ∈ G and any x ∈ X,
f (Hx) = H f (x).
Proof. Sine H is normal in G , f (Hx) = ( f H f −1) f (x) = H f (x). 
The following lemma is a direct corollary of Lemma 2.2.
Corollary 2.3. Under the assumptions of Lemma 2.2, f maps ﬁxed points of H to ﬁxed points of H and maps 2-periodic points of H to
2-periodic points of H.
Lemma 2.4. Let X be a 1-arcwise connected continuum and G a group acting on X. Suppose H is a normal subgroup of G such
that G/H = 〈 f 〉 is a cyclic group generated by the coset class f of f for some f ∈ G. If there is some a ∈ P2(H, X) such that
[a, f (a)] ∩ [ f (a), f 2(a)] = { f (a)}, then P2(G, X) 
= ∅.
Proof. If f (a) = a then H f n(a) = Ha for all integers n. It follows from the coset decomposition G =⋃n∈Z H f n that Ga =⋃{H f n(a): n ∈ Z} = Ha. This implies that a ∈ P2(G, X) by the assumption that a ∈ P2(H, X). So we may suppose that
[a, f (a)] is nondegenerate. Since [a, f (a)] ∩ [ f (a), f 2(a)] = { f (a)}, we have
[
f n−1(a), f n(a)
]∩ [ f n(a), f n+1(a)]= { f n(a)}, for all n ∈ Z. (2.1)
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Denote L =⋃+∞n=−∞[ f na, f n+1a], L+ =
⋃+∞
n=0[ f na, f n+1a], and L− =
⋃−1
n=−∞[ f na, f n+1a]. Then L = L+ ∪ L− . Noting that X
is 1-arcwise connected, from (2.1) we see that L is an image of an injective continuous map deﬁned over the real line R.
Now we discuss in three cases.
Case 1. If there exists an arc [u, v] ⊆ X such that L+ ⊆ [u, v], then y = limn→∞ f n+1(a) ∈ Y exists. Clearly y is a ﬁxed point
of f . Since a ∈ P2(H, X), each f n(a) belongs to P2(H, X) by Corollary 2.3. Thus we have y ∈ P2(H, X) by Lemma 2.1.
So H f n(y) = Hy for each integer n, and thus y ∈ P2(G, X).
Case 2. If there exists an arc [u, v] ⊆ X such that L− ⊆ [u, v], then similar to Case 1, we can also obtain that P2(G, X) 
= ∅.
Case 3. For any arc [u, v] ⊆ X , neither L+ ⊆ [u, v] nor L− ⊆ [u, v]. This implies that for each x ∈ X , there exists a unique
p(x) ∈ L such that [x,a] ∩ L = [a, p(x)]. For each n ∈ Z, set Xn = {x ∈ X: p(x) ∈ [ f n(a), f n+1(a))}. Then {Xn: n ∈ Z} becomes
a partition of X . From [7] we know that each Xn is a Borel measurable set. Let μ be an f -invariant Borel probability
measure. (For the existence of such a measure, one may consult [10, Corollary 6.9.1].) Since f (Xn) = Xn+1, for all n ∈ Z, we
have μ(Xn) = μ(Xm) for all m,n ∈ Z. This contradicts the fact that μ(X) = 1. So this case will not happen. 
By the 1-arcwise connectivity, the following lemma is obvious.
Lemma 2.5. Let X be a 1-arcwise connected continuum and a, b, c, d are pairwise different points in X. Then either [a,b] ∩ [c,d] 
= ∅
or [a, c] ∩ [b,d] 
= ∅.
Lemma 2.6. Let X be a 1-arcwise connected continuum, G a group acting on X, and H a normal subgroup of G such that G/H = 〈 f 〉
for some f ∈ G. If P2(H, X) 
= ∅ then P2(G, X) 
= ∅.
Proof. Let Y = P2(H, X). From Lemma 2.1 and Corollary 2.3 we see that Y is an f -invariant compact subset of X . Let
A = {[x, f (x)]: x ∈ Y }. Deﬁne a partial order “≺” in A: [x, f (x)] ≺ [x′, f (x′)] if and only if [x, f (x)] ⊇ [x′, f (x′)]. It is easy to
see that if B = {[xλ, f (xλ)]: λ ∈ Λ} is a totally ordered subset of A, then ⋂λ∈Λ[xλ, f (xλ)] is an upper bound of B. So, by
Zorn’s lemma, there is a maximal element [a, f (a)] ∈ A.
If f (a) = a then H f n(a) = Ha for all n ∈ Z. This means that a ∈ P2(G, X). So we may suppose that [a, f (a)] is nonde-
generate. There are two cases.
Case 1. a is an H-ﬁxed point. Write [z, f (a)] = [a, f (a)] ∩ [ f (a), f 2(a)] for some z ∈ [a, f (a)]. Since a, f (a) and f 2(a) are
also H-ﬁxed points, h([z, f (a)]) = h([a, f (a)]) ∩ h([ f (a), f 2(a)]) = [a, f (a)] ∩ [ f (a), f 2(a)] = [z, f (a)] for any h ∈ H . So z is
an H-ﬁxed point. There are four subcases.
Subcase 1.1. z ∈ (a, f (a)). Then f −1(z) is an H-ﬁxed point by Corollary 2.3. But [ f −1(z), z]  [a, f (a)], which contradicts
the maximality of [a, f (a)].
Subcase 1.2. z ∈ ( f (a), f 2(a)). Then [z, f (z)]  [ f (a), f 2(a)] which contradicts the maximality of [ f (a), f 2(a)].
Subcase 1.3. z = a = f 2(a). Then the arc [a, f (a)] is invariant under the action of H and f , and so is invariant under the
action of G . This implies that a ∈ P2(G, X).
Subcase 1.4. z = f (a). Then [a, f (a)] ∩ [ f (a), f 2(a)] = { f (a)}. By Lemma 2.4, we have P2(G, X) 
= ∅.
Case 2. a is a 2-periodic point of H . Write Ha = {a,a′}. Then H f (a) = f (Ha) = { f (a), f (a′)}. We may suppose that
a,a′, f (a), f (a′) are pairwise different, otherwise it is not diﬃcult to see that a is a 2-periodic point of G . From Lemma 2.5,
there are three subcases.
Subcase 2.1. [a′,a] ∩ [ f (a′), f (a)] = ∅ and [a′, f (a′)] ∩ [a, f (a)] = [x, y] for some x, y ∈ X (x may be equal to y) (see
Fig. 1). Since [a′,a] and [ f (a′), f (a)] are both H-invariant, it is easy to see that x is the unique H-ﬁxed point in [a′,a]
and y is the unique H-ﬁxed point in [ f (a′), f (a)]. Thus f (x) = y which contradicts the maximality of [a, f (a)] (noting that
[x, y]  [a, f (a)]).
Subcase 2.2. [a′,a] ∩ [ f (a′), f (a)] = [x, y] and [a′, f (a′)] ∩ [a, f (a)] = ∅ for some x, y ∈ X (x may be equal to y). Since
[x, y] is H-invariant, x and y belong to P2(H, X). There are three subcases.
(2.2-a). y ∈ (a, f (a)) (see Fig. 2). By the maximality of [a, f (a)], we have f (y) ∈ [y, f (a′)] (noting that [ f (a), f (a′)] =
[ f (a), y] ∪ [y, f (a′)]). Thus y ∈ [ f (a), f (y)] and thus f −1(y) ∈ [a, y]. So [ f −1(y), y]  [a, f (a)] which contradicts the maxi-
mality of [a, f (a)].
(2.2-b). y = a. If x ∈ (a′, f (a′)), then [a′,a]∪[ f (a′), f (a)] is a simple 3-ord with vertex x (see Fig. 3). Then x is H-ﬁxed and
so is y. Thus a(= y) is an H-ﬁxed point which contradicts the assumption of Case 2. So either x = a′ (see Fig. 4) or x = f (a′)
(see Fig. 5). No matter in which cases, we always have [ f −1(a),a] ∩ [a, f (a)] = {a}. So P2(G, X) 
= ∅ by Lemma 2.4.
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(2.2-c). y = f (a). Similar to the proof of (2.2-b), we can also get P2(G, X) 
= ∅.
Subcase 2.3. [a′,a] ∩ [ f (a′), f (a)] = [a′, f (a′)] ∩ [a, f (a)] = [x, y] for some x, y ∈ X (x may be equal to y). There are three
subcases.
(2.3-a). y ∈ (a, f (a′)) (see Fig. 6). Since [a, f (a)] is maximal, f (y) ∈ [y, f (a′)]. Thus y ∈ [ f (a), f (y)] and so f −1(y) ∈
[a, y]. Then [ f −1(y), y] ⊆ [a, f (a)]. By the maximality of [a, f (a)] we get y = f (a) = x (see Fig. 7). Thus f (a) ∈ (a, f (a′))
which means that [a,a′] ∪ [a′, f (a′)] is a simple 3-ord. So f (a) is an H-ﬁxed point which is a contradiction.
(2.3-b). y = a. Then either x = f (a) (see Fig. 8) or x = a′ (see Fig. 9), otherwise [a′,a]∪ [ f (a′), f (a)] is a simple 3-ord and
x is H-ﬁxed which is a contradiction. From Fig. 8, we see that either [a, f (a)] ⊆ [ f (a), f 2(a)] or [a, f (a)] ⊇ [ f (a), f 2(a)].
However, since both [a, f (a)] and [ f (a), f 2(a)] are maximality, we must have [a, f (a)] = [ f (a), f 2(a)]. Since [a, f (a)] =
[a′,a] ∩ [ f (a), f (a′)] is also H-invariant, [a, f (a)] is G-invariant. So a ∈ P2(G, X). From Fig. 9, we see that [ f −1(a),a] 
[a, f (a)] which contradicts the maximality of [a, f (a)].
(2.3-c). y = f (a′). Similar to the proof of (2.3-b), we can also get P2(G, X) 
= ∅. 
Lemma 2.7. Let X be a 1-arcwise connected continuum and let φ : G× X → X be an action of G on X. Suppose H is a normal subgroup
of G and G/H is a ﬁnitely generated Abelian group. If P2(H, X) 
= ∅ then P2(G, X) 
= ∅.
Proof. Since G/H is a ﬁnitely generated Abelian group, G/H ∼= Zk1 ⊕ · · · ⊕ Zkn , where Zki = Z/〈ki〉, for 1  i  n (ki may
be 0). Let Hi be the subgroup of G/H deﬁned by Hi = Zk1 ⊕ · · · ⊕ Zki . Let φ : G → G/H be the quotient homomorphism,
and let Hi = φ−1(Hi). Then H = H0  H1  · · · Hn = G is a sequence of normal subgroups of G , and
Hi+1/Hi ∼= (Hi+1/H0)/(Hi/H0) = (Zk1 ⊕ · · · ⊕ Zki+1)/(Zk1 ⊕ · · · ⊕ Zki ) ∼= Zki+1 .
So Hi+1/Hi is a cyclic group. Since P2(H, X) 
= ∅, using Lemma 2.6 repeatedly we obtain that P2(G, X) 
= ∅. 
Lemma 2.8. Let X be a 1-arcwise connected continuum and let φ : G × X → X be an action of G on X. Suppose that H is a normal
subgroup of G and G/H is Abelian. If P2(H, X) 
= ∅ then P2(G, X) 
= ∅.
Proof. For any ﬁnite subset S of G , we deﬁne AS to be the group generated by H and S , that is, AS = 〈H, S〉. Since
AS/H is a ﬁnitely generated Abelian group, it follows from Lemma 2.7 that P2(AS , X) 
= ∅. So I2(AS , X) is nonempty.
As I2(AS , X) ∩ I2(AS ′ , X) = I2(AS∪S ′ , X), we know that the family K = {I2(AS , X): S is a ﬁnite subset of G} has
ﬁnite intersection property. Since the hyperspace 2X is compact, we have J =⋂K∈K K 
= ∅. Obviously J ⊆ I2(G, X). So
P2(G, X) 
= ∅. 
Proof of Theorem 1.2. Consider the normal subgroup series G = G0  G1  · · · Gn = {e} of G deﬁned at the beginning of
this section. As Gi+1 = [Gi,Gi], we know Gi/Gi+1 is an Abelian group, for 0 i  n− 1. As P2(Gn, X) = P2({e}, X) 
= ∅,
it follows inductively from Lemma 2.8 that P2(G, X) 
= ∅. 
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